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Abstract

We theoretically studied size-dependent emission properties and intersubband (ISB) transitions in cubic InN (c-InN) quantum dots (QDs) and
In-rich c-InGaN clusters. The quantum size effect can affect the energy levels and emission properties of such nano-structures, depending on
composition, size, effective mass, and strain. In small c-InN QDs and In-rich c-InGaN clusters, strong quantum size effect enhances size-
dependent emission properties and leads to fewer eigen-states. In larger c-InN QDs and In-rich InGaN clusters, ISB transitions between eigen-
states of the conduction band can be applied in telecommunication devices. By varying the sizes of nano-structures, we can control the largest ISB
transition energy difference between the ground state and the highest confined eigen-state. Simulation results also show that ISB absorption
wavelengths can be altered by changing the composition and size of nano-structures.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

InN has shown interesting physical properties such as small
effective electron mass, large mobility, high saturation velocity,
and small direct band gap in the nitride semiconductors [1–3].
InN quantum dots (QDs) and quantum wires have useful
applications in optoelectronic devices. InN quantum dots (QDs)
can be achieved by the Stranski–Krastanov growth mode and
they generally exist in wurtzite structures (hexagonal, h-InN) as
the thermodynamically stable phase [4–7]. By choosing proper
substrates, cubic InN (c-InN) QDs can be grown [1–3,8].
Without large piezoelectric and spontaneous electric fields, the
electronic properties of c-InN QDs are expected to be superior
to those of h-InN QDs [1–3,8]. As was known, the dot size and
shape can determine the energy levels and optical properties of
c-InN QDs [4–7]. Similarly, carrier localization and size effect
in In-rich c-InGaN clusters were proposed to explain the optical
properties of c-InGaN/GaN heterostructures [9]. The optical
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properties and band structures of size-dependent c-InN QDs
and c-InGaN clusters are still not clear.

On the other hand, the energy band gap of c-InN was found to
be lower than that of h-InN [1–3]. Hence, c-InN QDs embedded
in GaN or AlN show a larger confined potential and band offset.
We can apply this advantage to develop intersubband (ISB)
devices in tera-bit-rate telecommunication systems. However,
the impact of the quantum size effect on the ISB transitions in
c-InN QDs and In-rich c-InGaN clusters was not well studied.

In this study, to theoretically investigate size-dependent
emission properties and ISB transitions in c-InN QDs and In-
rich c-InGaN clusters, we calculate band structures of InxGa1− xN/
GaN quantum cubes. The quantum size effect can affect the
energy levels and emission properties of such nano-structures,
depending on composition, size, effective mass, and strain. In
small nano-structures, strong quantum size effect enhances size-
dependent emission properties and leads to fewer eigen-states. In
larger nano-structures, ISB transitions between eigen-states of the
conduction band can be applicable in telecommunication devices.
By varying the sizes of nano-structures, we can control the largest
ISB transition energy difference between the ground state and the
highest confined eigen-state. Simulation results also show that
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ISB absorption wavelengths can be designed by changing the
composition and size of nano-structures.

This paper is organized as follows: in Section 2, theoretical
calculations of band structures of size- and composition-
dependent InxGa1− xN/GaN quantum cubes are described. In
Section 3, size-dependent emission properties of c-InN QDs
and c-InGaN clusters will be discussed. In Section 4, impact of
the quantum size effect on eigen-states and ISB transitions is
reported. Finally, conclusions will be drawn in Section 5.

2. Band structures of size- and composition-dependent
InxGa1− xN/GaN quantum cubes

InN and InxGa1− xN quantum cubes, i.e. Lx=Ly=Lz=L,
embedded in GaN matrixes were considered (Fig. 1(a)). A series
expansion model was conducted to calculate the band structures of
size- and composition-dependent InxGa1−xN quantum cubes, as
shown in Fig. 1(b). En

c, En
hh, and En

lh (n=0, 1, 2, …) represent
electron, heavy-hole, and light-holen-th energy levels, respectively.
Eg is the material band gap of the InxGa1−xN compound inside the
quantum cube. We start with the Schrödinger equations [10,11]

f � h̄2

2 ½je � 1
mT

e
Yreð Þ

� �
je þjh � 1

mT
h

Yrhð Þ
� �

jh�
þ e2

4pejYre � Yrh j þ DVe
Yreð Þ þ DVh

Yrhð Þgweh
Yre ;Yrhð Þ

¼ Eweh
Yre ;Yrhð Þ

ð1Þ

Here, M T
e

Yreð Þ and M T
h

Yrhð Þ represent the effective masses of
electron and holes, respectively. DVe

Yreð Þ and DVh
Yrhð Þ are the
Fig. 1. (a) Schematic diagram of cubic InN and/or InxGa1−xN quantum cubes
embedded inGaNmatrix. (b) Schematic band structures of a quantumcubewith sizeL.
spatial distributions of potential for electrons and holes,
respectively. E and weh

Yre ;Yrhð Þ are the eigen-energy and the
corresponding wave function of the system, respectively. The
term e2

4pejYre�Yrh j describes the electron-hole Coulomb interaction.
It has been reported that the increase of effective band gap in

energy discretization is more important than the enhancement of
exciton binding energy in calculating the effective band gap of a
QD [12]. Hence, it is reasonable to express the exciton wave
function weh

Yre ;Yrhð Þ as the product of electron and hole
wavefunctions.

weh
Yre ;Yrhð Þ ¼ we

Yreð Þwh
Yrhð Þ ð2Þ

Here we
Yreð Þ and wh

Yrhð Þ stand for the wave functions of
electron and hole, respectively. Then, the equation for electron
and hole wave functions can be decoupled as

� h̄2
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we
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wh
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with

Ee þ Eh ¼ E ð3cÞ
The solutions of Eq. (3a) and (3b) can be expressed as the

series expansions of the ortho-normal functions φle,me
,ne and

φlh,mh
,nh, which form complete sets, respectively, with properly

chosen coefficients, dle,me
,ne and dlh,mh

,nh, as follows:

we
Yreð Þ ¼

X
le;me;ne

dle;me;neule;me;ne x; y; zð Þ ð4aÞ

wh
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X
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The functions φle,me
,ne (x,y,z) and φlh,mh

,nh (x,y,z) are given by
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ffiffiffiffiffiffiffiffiffiffiffiffiffi
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Here, Lx, Ly, and Lz represent the dimensions of the quantum
box. Also, the positive integers le(h), me(h), and ne(h) form the set
of quantum numbers denoting the discrete states in the
conduction (valence) band. The functions φle,me,ne (x,y,z) and
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φlh,mh,nh (x,y,z) are actually the eigen-functions of the discrete
states in the quantum box with the assumption that the barrier
potential is infinitely high. In the model, the real wave functions
of the discrete states, we

Yreð Þ and wh
Yrhð Þ, in the quantum box of a

finite barrier potential height are series-expanded based on the
ortho-normal complete set shown in Eqs. (5a) and (5b). The
eigen-functions of infinite-potential barrier for the discrete wave
functions are slightly modified. In the real case, wave functions
extend into the barrier to a certain distance. Following the
empirical conclusion, the penetration length was supposed to be
equal to the quantum cube dimension [10,11].

After substituting Eqs. (4a), (4b), (5a), and (5b) into Eqs. (3a)
and (3b), we then multiplied both sides of Eqs. (3a) and (3b) by
φl'i,m'i,n'i (x,y,z)(i=e,h) and integrated over the quantum box
region (with extended dimensions). Such procedures lead to the
following matrix eigen-problem asX

Aliminil VimVinVið Þ � Edli l VidmimVidninViÞdl VimVinVi ¼ 0 ð6Þ

The matrix elements are given by

Aliminil VimVinVi ¼
h̄2p2

2
� 1

m4
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þ mimVi
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þ ninVi
L2z

 !
þ EiB � EiWð Þ

" #

� dlil VidmimVidnin Vi þ
Z Z Z ½ h̄22 1

m4
iC

� 1

m4
iB

� �
� ðuVliminixuVl VimVinVix þ uVliminiyuVl VimVinViy

þuVliminizuVl VimVinVizÞ � EiB � EiCð Þuliminiul VimVin Vi �dxdydz
i ¼ e; h

ð7Þ

Here, u0
liminix ¼

dulimini
dx , u0

liminiy ¼
dulimini

dy , and u0
liminiz ¼

dulimini
dz .

miC⁎ and miB⁎ are the effective masses within and outside the
quantum box, respectively. EiC and EiB are the potential heights
within and outside the box, respectively. Eq. (7) is then solved
numerically by considering le, me, ne, lh, mh, and nh up to 10.

The band structure of a low-dimension system can be
altered by strain. In general, with compressive strain in the
quantum-confined region, the conduction-band and valence-
band edges are shifted upward and downward, respectively.
The strain-induced band structure modification of a quantum
dot system can be expressed as a product of strain components
and a deformation potential [12]. For hydrostatic strains, the
strain effects of the conduction bands are decoupled from
those of the valence bands. In the following, we assume that
strain is zero outside the quantum cube and is compressed
inside, as depicted in Fig. 1(b). In this situation, at the Γ point
(k=0), the conduction band edge is modified by the energy
shift δEH

C as

dEc
H ¼ ac exx þ eyy þ ezz

� � ¼ acI ð8Þ
with

I ¼ exx þ eyy þ ezz ð9Þ
Here, ac is the hydrostatic deformation potential of the

conduction band. εxx, εyy, and εzz represent the strains in the x,
y, and z directions, respectively. I is the isotropic strain and can
be approximated by [12]:

I ¼ 2e0
1� 2m
1� m

ð10Þ

Here, v is the Poisson ratio. For many semiconductors, the
Poisson ratio is close to 1/3. ε0 expresses the relative lattice
constant mismatch of inner and outer materials.

Also, the valence band edge is modified by the energy shift
δEH

v as

dEv
H ¼ av exx þ eyy þ ezz

� � ¼ avI ð11Þ

Here, av is the hydrostatic deformation potential of the
valence band. Hence, with the hydrostatic strain, the band gap is
modified by the total hydrostatic deformation potential a with
a=ac+av. After certain arrangements, an eigen-valued problem
of a 10×10×10 tensor for either conduction or valence band is
solved.

Table 1 lists the physical parameters used in our calculations
[13,14]. The material band-gap energy Eg(x) for c-InxGa1− xN
with a bowing constant b=1.4 eV is expressed as [13,14]

Eg xð Þ ¼ 0:78xþ 3:299 1� xð Þ � 1:4x 1� xð Þ ð12Þ

Except for the band gap energy, the physical parameters of
c-InxGa1− xN can be expressed as the linear interpolation
formula of InN and GaN.

P InxGa1�xNð Þ ¼ xP InNð Þ þ 1� xð ÞP GaNð Þ ð13Þ

Here, P represents any material parameter, such as effective
mass. The band offset ratio for the conduction and valence
bands is assumed to be 0.65:0.35 [15]. The transition energy
Ehh
c (Elh

c ) between the ground electron state and ground heavy-
hole (light-hole) state is defined as

Ec
hh Ec

lh

� �
uEc

0 þ dEc þ Eg þ dEv þ Ehh
0 Elh

0

� � ð14Þ

3. Size-dependent optical properties of c-InN QDs and
c-InGaN clusters

Fig. 2(a) shows the transition energy Ehh
c between the

ground electron state and ground heavy-hole state. The curve
represents the material band gap Eg(x) of cubic InxGa1− xN.
Simulation results show that the size and composition of InGaN
nano-structures can affect their emission properties. In In-rich
InGaN clusters, the size variations of Ehh

c and the energy
difference between Ehh

c and Eg(x) become apparent. These
imply that quantum size effect becomes dominant in determin-
ing the optical properties of smaller InGaN nano-structures.
This result can provide evidence for the debate about the
bandgap of InN QDs as well as In-rich InGaN clusters. For
luminescence measurements, experimental results are the
statistics of the InGaN clusters with various sizes and
compositions. For comparison, the reported PL peak position
(○) of the In-rich phase versus In composition x=0.56 in cubic
GaN/InGaN heterostructures was plotted [9]. We speculate that



Table 1
Material parameters of GaN and InN used for calculations [13,14]

GaN InN

Lattice constant a (Å) 4.5 4.98
Eg
Γ(eV) 3.299 0.78

Effective mass (m0)
Electron 0.15 0.07
Heavy hole along c-axis mhh// 0.847 0.806
Perpendicular to c-axis mhh⊥ 1.526 1.55

Heavy hole mhh=(mhh⊥
2 mhh//)

1/3

Light hole along c-axis mlh// 0.236 0.159
Perpendicular to c-axis mlh⊥ 0.105 0.07

Light hole mlh=(mlh⊥
2 mlh//)

1/3

Momentum matrix element Ep(eV) 25 17.2
Hydrostatic deformation potential (eV)
Conduction band ac −6.71 −2.65
Valence band av −0.69 −0.7
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the distribution of QD sizes is 4–6 nm. This is generally
consistent with InGaN cluster sizes in our previous transmis-
sion electron microscopy pictures [16,17]. Furthermore,
simulation results also reveal that the optical properties of
InGaN clusters depend on the important factors of composition,
cluster size, effective mass, and strain. Fig. 2(b) shows the
transition energy Elh

c between the ground electron state and
ground light-hole state. Compared with Ehh

c , Elh
c show larger

size variations, higher electron transition energies, and fewer
transitions. These are attributed to the enhanced quantum size
effect of light-holes.
Fig. 2. (a) Transition energyEhh
c between electron and heavy-hole ground-states as

functions of indium composition. For comparison, the reported PL peak position of
the In-rich phase with In composition x=0.56 in GaN/InGaN heterostructures was
marked as empty circle (○) [11]. (b) Transition energy Elh

c between electron and
light-hole ground-states as functions of indium composition.
4. Impact of the quantum-size effect on eigen-energies and
ISB transitions

To investigate the quantum-size effect on electronic states,
the electron, heavy-hole, and light-hole eigen-energies were
studied. Fig. 3(a), (b), and (c) show electron (En

c) eigen-energies
for cube sizes L=3 nm, L=5 nm, and L=10 nm, respectively.
With the same composition of the cube, some phenomena for
smaller cubes were observed:

(a) the ground state shifts upward;
(b) the largest ISB transition energy, EISB

max, between the
ground eigen-state and the highest confined eigen-state
become smaller;

(c) the number of eigen-states is decreased;
(d) eigen-energies are discrete.

These are attributed to the enhanced quantum confinement
effect in small cubes. Also, because of the lighter effectivemass of
InN, the features show that the quantum-size effect could affect
the electronic states of smaller In-rich InGaN clusters. The smaller
number of eigen-states in smaller In-rich InGaN clusters also
implies that ISB transitions between electron eigen-states may be
inefficient. The details will be discussed later in this article.

Fig. 4 shows heavy-hole eigen-energy (En
hh) for cube sizes

(a)L=3 nm, (b)L=5 nm, and (c)L=10 nm. Because the larger
effective mass of heavy-hole results in a weaker quantum-
confinement effect, there is greater density of states (DOS) of
En
hh and ground states E0

hh are near the band edge. Also, due to a
high degeneration of En

hh in cubes with size L=10 nm, the
Fig. 3. Electron eigen-energy (Eh
c) as functions of indium composition for

quantum cube sizes (a) L=3 nm, (b) L=5 nm, and (c) L=10 nm.



Fig. 4. Heavy-hole eigen-energy (En
hh) as functions of indium composition for

quantum cube sizes (a) L=3 nm, (b) L=5 nm, and (c) L=10 nm.
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number of En
hh seems to decrease. The trends indicate that holes

can be easily populated in the eigen-states and act as acceptors
to emit photons. It was reported that strong hole localization of
the valence states occurs along the [110] In–N–In–N chains in
cubic InGaN alloys [18]. The positron annihilation measure-
Fig. 5. Light-hole eigen-energy (En
lh) as functions of indium composition for

quantum cube sizes (a) L=3 nm, (b) L=5 nm, and (c) L=10 nm.
ment also shows that hole localizations in atomic In–N chains
form localization excitons to emit the light [19]. Our simulation
results are consistent with the previous argument. Meanwhile,
the eigen-states of light-hole in Fig. 5 are discrete. This also
shows that the effective mass and the quantum-confinement
effect play important roles in determining the electronic
structures of the QDs. Because of the discrete En

lh, emission
lights by the transitions from electron to heavy-hole eigen-states
are dominant. Furthermore, the valence band mixing effect
describes the coupling effect between the heavy-hole and light-
hole bands [20]. Because the light-hole eigen-states in smaller
quantum cubes were few and the eigen-energies are not near the
band-edge, the coupling effect between heavy-hole and light-
hole bands should be negligible. The results support our
numerical hypothesis.

Fig. 6(a), (b), and (c) summarize the numbers of confined
electron, heavy-hole, and light-hole eigen-states, respectively.
As the indium composition increases, the larger quantum
confinement potential confines more bound-states. Hence, the
number of eigen-states increases. In both conduction and
valence bands, large size variations of En

c, En
hh, and En

lh imply
that the quantum confinement effect is a critical factor in
determining the electronic states of InGaN clusters. Low DOS
in smaller cubes implies that ISB transitions in smaller QDs or
InGaN clusters may be inefficient. Also, compared with En

hh,
lower DOSs and larger size variations of En

lh can also be
explained by the enhanced quantum confinement effect.

Fig. 7 shows the largest ISB transition energy, EISB
max, between

the ground state and the highest confined eigen-state for
(a) electron, (b) heavy-hole, and (c) light-hole. In In-rich InGaN
quantum cubes, the larger confined potential of the conduction
Fig. 6. Numbers of (a) electron, (b) heavy-hole, and (c) light-hole eigen-states as
functions of indium composition for cube sizes L=3 nm, L=5 nm, and
L=10 nm.



Fig. 7. The largest ISB transition energies EISB
max of (a) electron, (b) heavy-hole,

and (c) light-hole as functions of indium composition for cube sizes L=3 nm,
L=5 nm, and L=10 nm.
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band results in an increase of EISB
max. Due to the enhanced

quantum-size effect, EISB
max of In-rich InGaN quantum cubes are

more sensitive to size than those of low indium ones. Also, the
energies between two dot lines represent the telecommunication
window around 0.800–0.953 eV (1.55 μm–1.3 μm). Simulation
results suggest that ISB transitions in the conduction of In-rich
InGaN clusters are useful for telecommunication devices. By
controlling the quantum-confinement effect, one can determine
EISB
max. Meanwhile, the small quantum confined potential of the

valence band implies that ISB transitions between hole eigen-
states are suitable for detector applications. EISB

max of light-hole
are smaller than those of heavy-hole and they show larger size
variations. The results also show that the effective mass and the
quantum-confinement effect can determine the band structures
of the In-rich InGaN clusters. By changing the composition and
size of clusters, one can design detectors of the desired
absorptions wavelengths.

5. Conclusions

In summary, we have theoretically studied size-dependent
emission properties and ISB transitions in c-InN and c-InGaN
nano-structures. The composition, size, effective mass, and
strain of such nano-structures can affect their energy levels
and emission properties. In small nano-structures, strong
quantum size effect enhances size-dependent emission proper-
ties. Simulation results show larger nano-structures can be
used to develop ISB telecommunication devices. By varying
the sizes of nano-structures, we can control the largest ISB
transition energy and ISB absorption wavelengths. The
presented results show that cubic III-nitride nano-structures
are suitable for developing telecommunications and photo-
voltaic devices.
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